Abstract. RNA secondary structure prediction is a fundamental problem in structural bioinformatics. The prediction problem is difficult because RNA secondary structures may contain pseudoknots formed by crossing base pairs. We introduce k-partite secondary structures as a simple classification of RNA secondary structures with pseudoknots. An RNA secondary structure is k-partite if it is the union of k pseudoknot-free sub-structures. Most known RNA secondary structures are either bipartite or tripartite. We show that there exists a constant number k such that any secondary structure can be modified into a k-partite secondary structure with approximately the same free energy. This offers a partial explanation of the prevalence of k-partite secondary structures with small k. We give a complete characterization of the computational complexities of recognizing k-partite secondary structures for all k ≥ 2, and show that this recognition problem is essentially the same as the k-colorability problem on circle graphs. We present two simple heuristics, iterated peeling and first-fit packing, for finding kpartite RNA secondary structures. For maximizing the number of base pair stackings, our iterated peeling heuristic achieves a constant approximation ratio of at most k for 2 ≤ k ≤ 5, and at most
Introduction
RNA secondary structure prediction is a fundamental problem in structural bioinformatics. The main theme of classical research on this problem has been the design of dynamic programming algorithms that, given an RNA sequence, compute the "optimal" secondary structure of the sequence with the lowest free energy. The first dynamic programming algorithm for predicting pseudoknot-free RNA secondary structures dates back to the 1970s [20] , and has been implemented by well-known software packages such as Mfold [31] and Vienna [12] . During the last decade, several dynamic programming algorithms have also been designed for the much more difficult problem of predicting RNA secondary structures with pseudoknots [24, 27, 19, 2, 8, 22, 15] . These algorithms are often ad-hoc, and can handle only pseudoknots of certain restricted types implicit in their dynamic programming formulations [6, 21] . If arbitrary pseudoknots are allowed in the secondary structures, then the prediction problem becomes computationally intractable even in very simple models [14, 18] , and we have to resort to approximation algorithms [16] and heuristics [26, 23] .
In this paper, we study k-partite RNA secondary structures. Intuitively, an RNA secondary structure is k-partite if it is the union of k pseudoknot-free sub-structures. For the k = 2 case, bipartite secondary structures have been previously studied by Stadler et al. as the bi-secondary structures [11, 30] and by Ieong et al. as the planar secondary structures [14] . A recent result by Rødland on the enumeration of RNA pseudoknots [25] implies that most known RNA secondary structures are either bipartite or tripartite, i.e., k-partite for k = 2 or 3. Indeed, among the hundreds of known RNA secondary structures with pseudoknots in PseudoBase [5], only one structure 1 is tripartite, and the others are all bipartite (see Fig. 1 for an example 2 ). The prevalence of bipartite and tripartite secondary structures has motivated us to consider k-partite RNA secondary structures. The main results of this paper are the following:
1. We show that there exists a constant number k such that any secondary structure of an RNA sequence can be modified into a k-partite secondary structure with approximately the same free energy. This offers a partial explanation of the prevalence of k-partite secondary structures with small k. 2. We give a complete characterization of the computational complexities of recognizing k-partite secondary structures for all k ≥ 2. 3. We present two simple heuristics, iterated peeling and first-fit packing, for RNA secondary structure prediction. The iterated peeling heuristic achieves the first nontrivial constant approximation ratios for computing k-partite secondary structures with the maximum numbers of base pair stackings. The first-fit packing heuristic outperforms the leading method HotKnots in predicting RNA secondary structures with pseudoknots.
Preliminaries. The primary structure of an RNA molecule is the sequence of nucleotides (that is, the four different bases A, C, G, and U ) in its single-stranded polymer. In its natural state, an RNA molecule folds into a three-dimensional structure by forming hydrogen bonds between non-consecutive bases that are complementary. The
